Mathematica 11.3 Integration Test Results

on the problems in the test-suite directory "5 Inverse trig functions\5.4
Inverse cotangent”

Test results for the 234 problems in "5.4.1 Inverse cotangent functions.m"

Problem 46: Result more than twice size of optimal antiderivative.

x2 ArcCot [ ¢ x]
J— dx

1+ x2

Optimal (type 4, 206 leaves, 28 steps):

1 i 1 i 1 2i (i-cx)
x ArcCot[cx] - — i ArcTan[x] Log[1- —] + = i ArcTan[x] Log[1+ — | + = i ArcTan[x] Log|[- |-
2 cx’ 2 cx 2 -c) (1-1ix)

2i (i+cx) Log[1+c2x?] 2i (i-cx) 2i (i+cx)
+

(1+c) (1-1ix)

(1
1 1
~ i ArcTan([x] Log|- + = Polylog[2, 1+ =
2 (1+c) (1—1’1x) 2c¢ 4 (1—c) (l—jx) 4

} _

PolylLog[2, 1+

]

Result (type 4, 626 leaves):



2 | 5.4 Inverse cotangent.nb

1 1
= |cxArcCot[cx] - Log| |+
c
C 1+C21X2 X
2 2 2 2
—4/-C 2 ArcCos ArcTanh -4 ArcCot [c x] ArcTanh - |ArcCos -2 1 ArcTanh
1 2 +C C +C C
4 ~1+c? cX \/? ~1+c? C X
2(c2+j\/—c2)(—j+cx> L2 Narss 21’1(1’1c2+\/—c2><11+cx)
Log|- | - |ArcCos| | +21iArcTanh| || Log| |+
(-1+c?) (\/—c2 —cx) ~1+c? cXx (-1+c?) (\/—c2 —cx)
2 2 /2 .-iArcCot[cx]
Ar‘cCos[ Lec 2} —ZjArcTanh[ < ] +2]'1Ar‘cTanh[ } Log[ V2 Ce Y ] +
-1l+c cXx -c? V-1+c? \/—1—c2+(—1+c2) Cos [2 ArcCot[c X] ]
2 2 /2 .iArcCot[cx]
Ar‘cCos[ 1+C2}+211Ar‘cTanh[ < ]—ZjAr‘cTanh[ } Log[ V2 Cemr ]+
-1l+c cX -c2? V-1+c2 x/717c2+(71+c2) Cos[2 ArcCot[c x]]
(1+c2—21‘1\/—c2> (\/—c2 +cx) (1+c2+211\/—c2) (\/—c2 +cx)
i [-PolyLog|[2, | +PolyLog|2, ]

(-1+c?) ( -c? —cx) (-1+c?) ( -c? —cx)

Problem 48: Result more than twice size of optimal antiderivative.
JAr‘cCot[c X]

1+ x2

dx

Optimal (type 4, 183 leaves, 25 steps):

2i (i-cx)

1 i 1 i 1.
—iArcTan[x] Log[1- —| - = iArcTan[x] Log[1+ —| - = i ArcTan[x] Log|-
2 cx 2 cx 2 (1-¢) (1-1ix)

1 1 211(11—cx) 1 211(]1+cx)
~ i ArcTan[x] Log|- | - = PolyLog|2, 1+ | + = PolyLog|2, 1+
2 (1+c) (1-1ix) 4 (1-c) (1-ix) 4 (1+c) (1-1ix)

+

21 (j+cx)

Result (type 4, 592 leaves):
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2 A _e2 2 [ -2
c ZAPCCOS[ ] Ar‘cTanh[ < } -4 ArcCot[c x] Ar‘cTanh[ ] - Ar‘cCos[ te ] —21’1Ar‘cTanh[ < }
4+ _c2 -1+c? c X NErea -1+c? c X
2 (c2+iV-c? ) (-i+cx 2 Ny 2i (ic?2+/-c? ) (i+cx
Log |- ( ) ( >]— Ar‘cCos[1+C | +21iArcTanh| < || Log| ( ) < )}Jr
(-1+c?) (\/—c2 —cx) -l+c? C X (-1+c?) (\/?—cx)
2 Ny Z¢2Z oiArcCot[cx]
Ar‘cCos[lJrcz}—ZJiAr‘cTanh[ ¢ | +21i ArcTanh]| }JLog[ V2 f-c? eihrecoriox |+
“lec cx -c? V-1+c? \/717c2+(71+c2) Cos[2 ArcCot[c x] ]
2 e [~ ¢2 piArcCot[cx]
ArcCos | ¢ 2} +21iArcTanh| ¢ | -2 1iArcTanh| }] Log| V2 - ethrecoticr ]+
“lec cx -c? V-1+c? \/—1—c2+(—1+c2) Cos[2 ArcCot[c x] ]
(1+c2—211\/—c2) (\/—c2 +cx) (1+c2+2j\/—c2) (\/—c2 +cx)
i |-PolyLog|2, | +Polylog|2, ]
(-1+c?) (\/—c2 —cx) (-1+c?) (\/—c2 —cx)

Problem 50: Result more than twice size of optimal antiderivative.

dx

JAr‘cCot [cX]

x2 (1+x2)

Optimal (type 4, 212 leaves, 31 steps):

ArcCot[cx] 1 . i 1. i 1 2i (i-cx)
- —— - — 1 ArcTan [X] Log[l— 7} + — 1 ArcTan [X] Log[1+ 7] -clLog[x] + —1iArcTan[x] Log[— } -
X 2 cx 2 cx 2 (1-¢) (1-1ix)

2i (i+cx) 2i (i-cx) 2i (i+cx)

1 1 1 1
~ i ArcTan[x] Log|- | + =~ clog[1+c*x*| + = PolylLog[2, 1+ | - = Polylog|2, 1+
2 (1+c) (1-1ix) 2 4 (1-¢c) (1-1ix) 4 (1+c) (1-1ix)

Result (type 4, 619 leaves):
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7Ar‘cCot[cx] —cLog[ 1 }7
X
1+ 212
Cce X
2 A/ _ 2 2 [ 2
! d 2Ar‘cCos[ e ]Ar‘cTanh[ < ]—4Ar‘cCot[c X] Ar‘cTanh[ }— Ar‘cCos[ 1rc }—ZJIAr‘cTanh[ < ]
4~/_c2 -1+ c? c X N -1+ c? C X
2 (c2+1+-c? —i+cCX 2 2 21 (1c?2++-c? i+cCX
Log[— ( ) ( ) } - Ar‘cCos[ } +21'1Ar‘cTanh[ < ] Log[ ( ) ( ) ] +
(-1+c?) (\/?—cx) -1+c? cXx (-1+c?) (\/?—cx)
2 2 /2 @-iArcCot[cx]
ArcCos | +C2]—21'1Ar'cTanh[ < | +2 i ArcTanh]| || Log]| V2 ot ertretoric |+
“lec cx -c? V-1+c? \/—1—c2+(—1+c2)Cos[2Ar‘cCot[cx}]
2 2 A/~ ¢2 i ArcCot[cx]
ArcCos | +C2]+2iAr‘cTanh[ < | -2iArcTanh]| || Log]| Va2 ot ettretoriex ]+
“lec cx -c? V-1+c? \/717c2+(71+c2)Cos[2Ar'cCot[cx}]
(1+c2—2j1\/—c2) (\/?+cx) (1+c2+211\/—c2) (\/—c2 +cx)
i |-PolyLog|2, | +PolyLog|2,
(-1+c?) ( -c? —cx) (-1+c?) ( -c? —cx)

Problem 61: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx

JAPcCot [aXx]

<c+dx2)3/2

Optimal (type 3, 66 leaves, 5 steps):
Ar‘cTanh[Ea crdx }

X ArcCot [a X] A/ a%c-d

cVec+dx? cVa’c-d
Result (type 3, 169 leaves):

4ac {a c-idx+\ a?c-d \ cedx? 4ac|actidx+\ a?c-d \ cedx?
-Log - ]—Log[
2 xArcCot[ax] N a2c-d (irax acd (-i+ax)

) c+d x? a’c-d

2c




Problem 62: Result unnecessarily involves imaginary or complex numbers.
ArcCot[a x]
J; dx
(c+dx?)>?
Optimal (type 3, 134 leaves, 7 steps):
(3a2c-2d) Ar‘cTanh[@}

a xArcCot[ax]  2xArcCot[axX] Jarcd
+ + -
3c(a?c-d)Verdx? 3c(c+dx?)¥? 3c24/c+dx? 3c? (a?c-d)*?

Result (type 3, 262 leaves):

1 2ac 2x (3c+2dx?) ArcCot[ax]

6c? (a%c-d) Vec+dx? (c+dx2)3/2

+

12ac?+/a%c-d (ac—idxm/a2 c-d x/c+dx2)

(3a2c-2d) Log]|

| (3a%c-2d) Log|

12ac?+/a%c-d (acnldxm/az c-d /c+d x? ) }

(3a2c-2d) (i+ax) (3a2c-2d) (-i+ax)

.
(a?c-d)*? (a2 c - d)??

Problem 63: Result unnecessarily involves imaginary or complex numbers.
ArcCot [a x]
J; dx

<c+dx2)7/2

Optimal (type 3, 208 leaves, 8 steps):
a a(7a%c-4d) x ArcCot [a X]

+ + +

15¢ (a%c-d) (c+dx2)3’/2 15 ¢2 (a2c7d>2\/c+dx2 5¢ (c+dx2)5/2

(15 a*c?-20a%cd +8d2) AI"cTanh[@]

4 x ArcCot[a x| 8 x ArcCot [a Xx] +/a%c-d
+ _
15¢2 (c+dx?)*?  15c3+/crdx? 15¢3 (a2c-d)*?

Result (type 3, 345leaves):
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1 2ac(-d(5c+4dx?) +a’c (8c+7dx?)) 2x (15c?+20cdx?+8d*x*) ArcCot[ax]

_30c3 (7a2c+d)2(c+dx2>3/2 (c+dx2>5/2

+

‘s " R 60ac’ (a’ c—d)3/2 ac-idx+/a’c-d /c+dx? ‘s R " 60ac’ (a’ c—d)3/2 [a c+idx+/a2c-d ~/c+dx?
(153 c-26a°cd+8d ) LOg[ (15a* c?-20a% cd+8d?) (i+ax) ] (153 ¢°-20a°cd+8d > LOg{ (15a* c?-20a% cd+8d?) (-i+ax) ]
+
(azc—d>5/2 (aZC—d>5/2

Problem 64: Result unnecessarily involves imaginary or complex numbers.
ArcCot[a x]
Ji dx
<C+dx2)9/2
Optimal (type 3, 293 leaves, 8 steps):
a a(li1a’c-6d) a(19a*c?-22a’cd+8d?)  xArcCot[ax]

+ + + +

35c<a2c—d) (c+dx2)5/2 105 c2 (azc—d)z(c+dx2>3/2 35 ¢3 (a2c7d>3\/c+dx2 7c(c+dx2)7/2

(35a°c®-70a%*c?d+56a%cd?-16d?) Ar‘cTanh[@}

6 x ArcCot[a X] 8 x ArcCot [a X] 16 x ArcCot [a Xx] a?c-d
+ + -
35¢2 (c+dx?)”? 35¢° (c+dx2)3/2 35c4/c+dx? 35¢* (a2c-d)”?

Result (type 3, 450 leaves):

1 |2ac (3c2 (-a2c+d)®+c(11a2c-6d) (a2c-d) (c+dx?) +3 (19a*c2-22a2cd+8d?) (c+dx2)2)
3

210 c* (a2c-d)’ (c+dx?)>?

+

140 a c* (a? c—d)s/2 (a c-idx+/a2c-d /c+dx?

(35a°c>-70 a* c? d+56 a2 c d2-16 d°) (i+ax) }

6 ~3 4 -2 2 2 3
6x (35¢2+70 c2dx?+ 56 c d? x4 + 16 d® x°) ArcCot [a ] 3(35a°c*-70a* c?d+56a%cd’-16d°) Log|

<c+dx2)7/2 (a2c7d>7/2

140ac* (a%c-d) 5/2 (a c+idx+/a2c-d /c+d x?

(35a° c>-7@ a* 2 d+56 a2 c d>-16 d*) (-i+ax)

3 (35a°c3-70a%c2d+56a%cd?-16d?) Log|

(azc—d)7/2
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Problem 97: Result unnecessarily involves higher level functions.
JAr‘cCot [ax"]

X

dx

Optimal (type 4, 47 leaves, 4 steps):

i Polylog|2, - j:’"} i Polylog|2, 1’:]
- +

2n 2n

Result (type 5, 52 leaves):
ax" Hyper‘geometr‘icPFQ[{%, %, 1}, {% %}, ~a2x2"|

+ (ArcCot[ax"] +ArcTan|[ax"]) Log[x]
n

Problem 103: Result more than twice size of optimal antiderivative.

ArcCot[a + b x]
J— dx
X

Optimal (type 4, 120 leaves, 5steps):

2 2bx
~ArcCot[a+bx] Log[ ——————] + ArcCot[a + bx] Log]|
1-1i (a+bx) (i-a) (1-1i(a+bx))
2 1 2bx
—— =]+ > iPolylog[2, 1-
1-i (a+bx) 2 (i-a) (1-1i(a+bx))

] .

1
~ i Polylog[2, 1-
2

Result (type 4, 256 leaves):

Log[;] - Log[-Sin[ArcTan[a] -ArcTan[a+bx]]]| +

1+ (a+bx>2

(Ar‘cCot[a+bx] +Ar‘cTan[a+bx]) Log[x] + ArcTan[a + b x]

N |

i (7m-2ArcTan[a+bx] )2+ i (ArcTan[a] - ArcTan([a+ b x] )2—

FNQUPN

(7r - 2ArcTan[a +bx] ) Log [1 + @ 21 ArcTan[a+bx] ] +2 (Ar‘cTan [a] -ArcTan[a + b x] ) Log [1 _ @21 (-ArcTan[a]+ArcTan[a+bx]) ] n

2
(m-2ArcTan[a+bx]) Log[ —————] +2 (-ArcTan[a] +ArcTan[a +bx]) Log[-2Sin[ArcTan[a] - ArcTan[a+bx]]] +

1+ (a+bx)2

i PolyLog [2, _e—ZiAr‘cTan[a+bx] } +i PolyLog [2, (esz (-ArcTan[a] +ArcTan[a+b x]) } J
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Problem 107: Result more than twice size of optimal antiderivative.

ArcCot[a + b x]
J— dx

c +dx?

Optimal (type 4, 642 leaves, 15 steps):

. Ji\/?—\/?x) o jb(ﬁﬂi\/?x)
L i+a+b x L _ b( L _i-a b x L
Og[ a+b x } og[ (b\/c7+(17j1a) ﬁ) (a+b x) og[ a+b x } Og[ (b'\/Cif(1+J'la> ﬁ) (a+b x) }
_ + -
4+/c Jd 4+/c Jd
. Ji\/?n/?x) Ceas b(]‘l\/?Jr\/?X) (b\ﬁ—ﬂa\/?) (i-a-bx)
L _dzabx ]| b( L irasbx ] | - PolyL 2, -
Og[ a+bx ] Og[ (b\/c_+(1+j1a) ﬁ) (a+b x) } Og[ a+bx } Og[ (b\/c_+]i (i+a) Jd_) (a+b x) ] oLy og[ ? (b\/c_—(1+ia) ﬁ) (a+b x)
+ + -
4-/c \/d 4~/c \/d 4~/c \/d

(bﬁqaﬁ) (i+a+bx)
(b VT +i (i+a) ﬁ) (a+b x)

(b\/?+jaﬁ) (i-a-bx) ]

(b\/?—jaﬁ) (i+a+bx) ]
(bﬁ+<1+j a) ﬁ) (a+b x)

PolyL 2, -
oly og[ (bﬁ+<1-ﬂa)ﬁ) (a+bx)

PolyLog|2, PolyLog|2,

- +
4~/c \d 4~/c \d 4~/c \d
Result (type 4, 1530 leaves):
1 ; (1+ (a+bx)2)
2 1
4 (1422 Ve d(asbx)® (14 1)
— T d o d
4 (1+a2) \/?ArcCot[a+bx] APcTan[ﬁX] +2\HAr‘cTan[M] Ar‘cTan[ﬁX] +2a2ﬁArcTan[M} Ar‘cTan[ X} -
Ve bvec Ve bvec Ve
i d i d
Z\HArcTan[M} Ar‘cTan[\/d—X] 72a2\/?Ar‘cTan[M} ArcTan[\/d—X] +2b\/?APCTan[\/?X}Zf
bvec Ve bc Ve Ve
b2c+ (—i+a)l®d -iArcTan (e e b2c+ (—i+a)®d -iArcTan (SRR
b/c c ( - a) e [ oc ]Ar‘cTan[\/?X}ZHiab\/? < < - a) e { oc }Ar'cTan[\/?X}z—
b2 c a3 0 ¢ Ve
b2 i 24d  -iArcTan tiss) e b2 i 24 -iArcTan liza) /o
pye |Herlivaltd e }Aman[ﬁx]%jabﬁ bicr(ira)’d e }ArcTan[ﬁX]z—Ziﬁ
b2 ¢ Ve 0 c Ve
—i 4 d -2i |ArcTan Lia)fa +ArcTan o x ~ 1+ d -2i |ArcTan (ia)ifa +ArcTan Jax
Ar‘cTan{%] Log[l-e | bi/e | {ﬁ}]}—ZiazﬁArcTan[%} Log[l-e [ | b/ | [ﬁ]]]—

b~/c b~/c
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i} Vo x

-21 |ArcTan +ArcTan -21 |ArcTan M +ArcTan &
Zj\/?Ar‘cTan[ dX]Log[l—e ( { by/c {Jc }]]—Zjazx/?Ar‘cTan[ dX]Log[l—e [ { bye } { c}]+
c e
i d -21i [ArcTan M +ArcTan o x i d -21 [ArcTan (i*a)ﬁ +ArcTan o x
ZjﬁArcTan[M} Log[l-e | bie ) [W }+Zja2ﬁArcTan[M] Log[1l-e | bi/e | {ﬁ}}r
bc bc
d x -2i {Ar‘cTan{U’a]ﬁ}»f/-\r‘cTan{ﬁx} d x -2i [Ar‘cTan{M} +Ar‘cTan[@]
Zi\/?Ar'cTan[ | Log[1-e bic Ve ]+21’1a2\/?Ar‘cTan[ | Log[1-e b/c e T+
c c
~ 1 d — 1 d
21 \/?Ar‘cTan[M] Log[-Sin [Ar‘cTan[M] +ArcTan | Vd x 1]+
bc bc Ve
i d i d
21ia? WAr‘cTan[M} Log|[-Sin [Ar‘cTan[M} +Ar‘cTan[\/?X} 1] -
bvec bc Ve
d I d
21 \HAr‘cTan[ <1 +a) \/—} Log[—Sin[ArcTan[M] +Ar‘cTan[\/?X]H _
bvc bvc e
| d 1 d
21 a? \/?ArcTan[M] Log[-Sin [Ar‘cTan[M} +Ar‘cTan[@} 1]+
bc bc Ve
-2 Ar‘cTan{i(””aM/‘1 }+Ar‘cTan{\/d XH -2 Ar‘cTan[i(’.”a\)\/d }+Ar‘cTan{£”
(1+a%) V/d PolyLog[2, e bi/e Je )]~ (1+2a%) V/d PolyLog[2, e bi/e Ve )]
Problem 108: Result more than twice size of optimal antiderivative.
ArcCot[a + b x]
j— dx
c+dx
Optimal (type 4, 152 leaves, 5 steps):
2b (c+dx) . 2 . 2b (c+dx)
i ArcCot[a + b x] Log[ T ey } ) ArcCot[a + b x] Log[ beridad) (Liba) ) 1 PolyLog[Z, 1- T ety } ) 1 PolyLog[Z, 1- beridad (1i(abx) ]
d d 2d 2d

Result (type 4, 325leaves):
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1 -ad

1 bc
— (Ar‘cCot[a+bx] +Ar‘cTan[a+bx]) Log[c+dx] +ArcTan[a + b x] Log[ } - Log[Sin[Ar‘cTan[
d

A1+ <a+bX)2

— 2
1 11'1 (r-2ArcTan[a+bx])?+1i (Ar‘cTan[bc ad] +ArcTan[a+bx]| - (n1-2ArcTan[a+bx]) Log[1+e 2*ArcTan(abx) | _
2 |4
2 [Ar‘cTan[M] +ArcTan[a + b x] Log[l—ezjl (APCTa"{%J]*A"Tan[a*bX])] + (m-2ArcTan[a+bx]) Log| 2 |+
d 1+ (a+bx)2
bc-ad X bc-ad
2 [Ar‘cTan[i] +ArcTan[a+bx] | Log[2Sin[ArcTan| ————] +ArcTan[a+bx]|] +
d d
i PolyLog [2’ _e,szchan[aer x] } i PolyLog [2’ eZJ‘L (Ar‘cTan{bc%d] +ArcTan[a+b x]) }
Problem 110: Result more than twice size of optimal antiderivative.
ArcCot[a + b x]
— dX
Jes
Optimal (type 4, 735leaves, 57 steps):
. i-a-bx . V i-a-b . i+a+b x
Log[i-a-bx) i (arbx]Log[-tebx] iVd ArcTan[Fr] Log[- 8] op 5 Lo px) 1 (arbx) Log[fatx]
+ - + -
2bc 2bc 2c3/2 2bc 2bc
. c x i+a+bx A c (i-a-bx _ive x Ve (i+a+bx) _ive x
i+/d ArcTan]| o | Log| e | +d Log| (jfa)ﬁﬂibx/?] Log[1 N | /d Log| o Fﬂibﬁ} Log|[1 s ]
232 - 432 i 432 i
\/FLog[—*L(—)—C i-a-bx ]Log[IJr—\Ljl — \/?Log[L—)—c i+a+bx }Log[1+—\LjL €<x] +/d PolyLog|2 RINCELOLE ]
(i-a)c -iby/d CHE (i+a) Vc +iby/d va ’ (1+ia)\/C +b/d N

4c3/2 4c3/2 4C3/2

\d PolyLog|2, M] V/d PolyLog|2, —M} \/d PolyLog|2, M}

i (i+a) \/c +b~/d (1+ia) v/ c -b~/d (1-ia) /c +b~/d

+ —
4c3/2 4C3/2 4c3/2

Result (type 4, 16412 leaves):
1

(a+bx)2(1+ 1 )

(a+bx)?

]+Ar‘cTan[a+bx]H +
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(a+bx) ArcCot[a+bx] - Log[ ——————] wewa
(a+bx) 1*(a+;ﬁ 1 ArcCot[a+bx] ArcTan| — =] 1
(1+(a+bx)2) : -—2bd |- bve Vd +
bc c 2b+c Vd 2 (a2c+bd) 1+ 1
(a+b x)?
2 cib? ciacralebld a2 cib?
C (a\/?—b\/? (a < _ a’c+b’d ))2 (a2c+b2d)2ArcTan[:a;:xi}2 azceAPCTanh oc Va Ar\cTan[LA:i}z
1+ bVd  byc Vd (atbx) bvc Vd B bV vd
2c+b2d)? 2(a4c2+b4d2+a2c(c+2b2d)> _
( ) 2(—iac+a2c+b2d)\/1_ -iac+a’c+b?d)?
b2cd
1 ArcTanh clacaieb’d ac - % 2
iadc|e vfe e ArcTan [ ———22—]" -
(-iac+a?c+b2d) 1. [iacalcbtd)? b/e Vd
b?cd
1 ac-— 7a2c+bb2d -2 1 ArcTan ac*a:"“ﬁ
(-iac+a’c+b?d) [rArcTan| 2] —irnlogll+e bfefa ] -
. bvc Vd
B —iac+a?c+b?d)?
b\/?\/?\/l Y
ac- a’cib’d CLbzd 2 |iArcTan e +Ar‘cTanh{7ﬁa°'azc'ﬁbzd 1
2i ArcTan| 2% ] Log[1-e ove e o a | +inLog| |+
bc v/d L
(a% c+b? d) (c+a cb f—“c)
(asbx)? a+bx
b2cd
2 c+b?d ac Pente “iacea?cib2d
_iac+alc+b2d ac- &&d 2 J'lAr‘cTan{ 2sox ]+Ar‘cTanh{/7
2 ArcTanh | ract : | |1 ArcTan| arbx | -Log[1-e by Vd e e )] 4 Log

b/c Vd bvc Vd

| 11
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a’c+bd 2 2 2 | i ArcT {LEZ[L’W] ArcT h{
I 1 i ArcTan - "’* +ArcTan
arbx | - iArcTanh| facra’c+b dH] - PolyLog[2, e by/c i/ byc a 1]+

bc Vd bc Vd

-iac+a’csb?d

ac-

Sin[ArcTan|

2 2
i 2 cip? a‘c+b%d
iacea?csb?d ac - &cpd

1 ArcTanh 2ebx 2 1
3a%c |e v/ea " ArcTan| -
. b~/c \/d . 2
g 2 2 _ (-iacra’c+b?d)? _ (-iac+a’cib?d
4 (-iac+a’c+b d)\/l Y b\/?\/?\/l g
ac- 2 C;bZd —ZJiAr'cTan{a&az:“"bjd}
(-iac+a’c+b?d) nArcTan| 22| -irnlog[l+e ofc d ] -
b~/c /d
. ac- 7a2ac+;b;d 2 jArcTan{ac;;‘;’/L]+Ar‘cTanh{7’”CFZ“bzd . 1
2]1Ar'cTan[ }Log[l—e bve vd oe o ]+17rLog[ ]+

(asbx)? a+bx

(az c+bzd> (c+azc+b2d Zac)

b~/c /d \/

b?cd

a’c+b?%d ac ~iacsa?cb?d

o 2 2 ac- ——— 2 |1 ArcTan a2bx | yArcTanh ———
2 ArcTanh [ 222 C DAy o ran] 22X _Log[1-e S S | +Log|
b~/c \d b~/c \/d
ac- a’cib’d s 2 2 2 |i ArcTan ac*j:"”zd +ArcTanh | Zacaieb?d ]
Sin[ArcTan| a:bx | - iArcTanh| facratcrb dH] - Polylog[2, e {W‘W ] | o o ] 11 -

bc Vd bc Vd



5.4 Inverse cotangent.nb

_iacea?csb?d _ a’c+b’d
1 4 > Ar‘cTanh{ﬁir ac 2+b x 5
a“c’ |e byc Vd Ar‘cTan[i} -
4b2d iac+alc+b?d 1 _(M)_Z bc d
(71 " * ) N b2cd

2 bzd 732(0b1d

1 ac- aacT 721'1Ar'cTan{ac*a‘“ }

. N . =

(-iac+a’c+b?d) [rArcTan| | -inlog[l+e be Va O -

bﬁﬁ\/l ~iac+a?c+b?d)? bﬁﬁ

b?cd

a2cib2d

ac- acb’d Cerbzd 2 JiAr‘cTan{a _asbx ]+Ar‘cTanh{7’ﬁ‘>’c;az “ﬁbzd 1
2i ArcTan| 2% ] Log[1-e by Vd elee )] 4 iLog| |+
b+vc +d o
(az c+b2d) (c+a c+b dizac)
(arbx)? a+bx
b’cd
a%c+b?d ac mertd . 2 b2 d
_iac+alc+b?d ac- Tobx 2 JiAr‘cTan{ aibx ]+Ar‘cTanh{%
2 ArcTanh | | |1 ArcTan| 22X - Log[1l-e oyc fa ele Ve ]+ Log]|

b/c Vd bc Vd

a2cib2d

a’c+b?d ac-

ac- _ia a2 b2 d 2 JiAr'cTan{ a:bx ]+Ar‘cTanh{ Ak
Sin[ArcTan| 46”“] - i ArcTanh| racra ey |]]] - PolyLog[2, e oi/e Vo bi/e +/a
b \/d b/c vd
1 ArcTanh| Z2c:aeb?d ac- alcsb?d )
ia®c? |e wle o T ApcTan| ———22X—]" -

. b~/c \/d
2b2d(—1'1ac+a2c+b2d)Jl—lembzd)—2

b?cd

-iac+a’c+b?d

)

| 13



14 | 5.4 Inverse cotangent.nb

a’c+b’d ac. et
1 ac- -2 1 ArcTan ad

(-iac+a’c+bd) JrAr‘cTan[ abx ]—jerog[1+<e bﬁJXT },

bﬁﬁ\/lmﬁ be Vd

b?cd

ac a2cib2d
- { iac+a?c+b?d

2 2
a‘c+b%d
* i ArcTan 2bx__| +ArcTanh

ac- ——— 2

ZiArcTan[i"’”bx} Log[l-e bie e oe e | +1imLog| ! ]+
b d
\/C_\/— (a% c+b? d) c+alc*b1‘:72“)
(a+b x| a+bx
b2cd
-1 2 2 ac- epd 2 | i ArcTan a&% +ArcTanh | Ziacracb?d
2 ArcTanh | facraicsb d} iAr‘cTan[—a*bX]—Log[l—e {"”W] | e e )] 4 Log
b~/c +/d b+/c /d
ac- acib’d s 2 2 2 |1 ArcTan ac*al:“:xzd +ArcTanh | Zt2c:acb?d ]
Sin[ArcTan| arbx | - i ArcTanh| facratc+b dH] - Polylog|2, e ' {bﬁﬁ] { oifc Va ] ne

b~yc Vd b~/c d

“iaceacib?d ac+b?d
1 6 2 Ar‘cTanh{ihr ac- 2eb x 2
a c” |e by Vd Ar‘cTan[i} -
4b2d ( jac+azc+b2d>\/1 (ciacsa’cib?d)? bve Vd
b?cd
a’c+b?d ac e
ac7 _ . a+b
1 2+b x ZnArcTan{

(-iac+a’c+b?d) nArcTan|

b\/?\/?\/l— —iac+a?c+b?d)? b\/?\/?

b?cd

]—1’17rL0g[1+<e




5.4 Inverse cotangent.nb | 15

a2cib2d

2 2 ac-
ac- alcib’d 2 ﬁa“”ﬁ ]+Ar‘cTanh[

a+bx }Log[l—e b/ /d bv/c Va ]+Ji7TLOg[

bc Vd \/

-iac+a’c+b?d

i Ar‘cTan[

1

21 Ar‘cTan[

] +

(a% c+b? d) (c+

a2 c+b?d Zac)

(atbx]? a+bx

b?cd

a2cib2d

_i 2 2 ac- alcb’d 2 |i ArcTan| = abx | apcTanh| Z2c2eb?d
2 ArcTanh| facraicrb d} i ArcTan | abx | -Log[1-e [bVTv7] | oc e | +Log]|
bvc Vd bvc d
ac- a%c+b%d . 2 2 2 | i ArcTan o % +ArcTanh %jaciz‘:iﬁd ]
Sin[ArcTan[iﬁbx]—jArcTanh[ facraictb dH] - Polylog|2, e {b\“ ¢ | | ele e ] -
bc vd bvc Vd
h[-iacra?eb?d ac- a’csb?d
1 b2 (eAr‘cTan [ o ArcTan[ abx 12 1
. bve Vd .
4(-iac+a’c+b?d) Jll—w“;i:bz“ bﬁﬁJli—L-“c;ijbz“
ac- % -2 i ArcTan ac*i:‘%:}
-iac+a‘c+bd) |srArcTan -1imlLog|l+e byc Vd -
( *c+b’d) [ ] [ Jeda 7]
bvc Vd
ac- 2cbid 2 JiAr'cTan{ac*%]+Ar‘cTanh{7’“c:2c;’2d 1
2i ArcTan| arbx | Log[1-e by fa elea )] 4 iLog |+

(az c+b2 d) (c+a1 c+b?d  2ac )

(asbx)?* a+bx

b?cd

b~/c /d \/

iac+a?c+b?d

i Ar‘cTan{ 7ﬁ““ﬁ ]+Ar‘cTanh{
b/c d b+ c \/tT

—iac+a?c+b?d, |
2 ArcTanh| | |iArcTan| ——*2*—] - Log[1-e

bvc vd bvc Vd

| +Log]|



16 | 5.4 Inverse cotangent.nb

acib’d 2 2 2 | i ArcT {LEZ[L’W] ArcT h{
s i ArcTan - "’* +ArcTan
arbx | - iArcTanh| facra’c+b dH] - PolyLog[2, e by o\ a 11 -

bc Vd bc Vd

-iac+a’csb?d

ac-

Sin[ArcTan|

2 2
1 ArcTanh —iac+a?c+b?d ac- a c:)b d 5
: 4 a+b x
iab?d|e vlefe T ArcTan [ ———22— " -
i (iacia?eib?d)? bvc vd
2 (—1ac+a2c+b2d) 1-
b2cd
aZ C+b2d ac—al:‘bZd
ac- ¥«bd Y v
1 a+bx 211Ar"cTan{ }

(-iac+a’c+b?d) nArcTan|

b\/?\/?\/l— —iac+a?c+b?d)? b\/?\/?

b?cd

]—JiI(Log[1+<e oi/e \Ja }—

a2cib2d
2 bZ d ac-
ac- ¥re=>d 2 jArcTan{ 20 ]+Ar‘cTanh{

a+bx } Log[l—e /e a bi/e e ] +J'17TLOg[

b~/c /d \/

-iac+a?c+b?d

1

21 Ar‘cTan[

|+

(asbx)? a+bx

(az c+bzd> (c+azc+b2d Zac)

b?cd

a’c+b?%d ac ~iacsa?cb?d

o 2 2 ac- ——— 2 |1 ArcTan a2bx | yArcTanh ———
2 ArcTanh [ 222 C DAy o ran] 22X _Log[1-e S S | +Log|
b~/c \d b~/c \/d
ac- a’cib’d s 2 2 2 |i ArcTan ac*j:"”zd +ArcTanh | Zacaieb?d ]
Sin[ArcTan| a:bx | - iArcTanh| facratcrb dH] - Polylog[2, e {W‘W ] | o o ] e

bc Vd bc Vd



5.4 Inverse cotangent.nb | 17

e 2cib2d
1 ArcTanh 7“: C,id ac- a:ﬁ )
3a2b%d |e oo Ja " ApcTan| ———222—]" -
4(-iac+a?c+b2d) q_ [ciacva?cib?d)® bve vd
b?cd
2 bzd 732(‘b1d
1 ac—aacT 721'1Ar'cTan{ac*a‘“ }
. + . [
(-iac+a’c+b?d) [rArcTan| | -inlog[l+e be Va O -
b+vc vd
~iac+a?c+b?d)?
bvec vd J1- .
b%cd
a2c+b?d ac e ~iacsacsb?d
ac- —b 2 JiAr‘cTan{ “‘bL]+Ar‘cTanh{ﬁ7h 1
2i ArcTan| 2% ] Log[1-e by Vd elee )] 4 iLog| |+

C+

a% c+b2 d Zac)
(atbx)? a+bx

b?cd

be Vd J(Z v

2 5 a2 cib2d
a‘c+b%d ac- iac+a?cib?d

s 2 2 acC-—— 2 |1 ArcTan 2:0x | 1 ApcTanh -
2 ArcTanh | facraicsb d} i ArcTan | arbx | -Log[1-e {"\/CWJ | ol e ] 4 Log
bvc \d bvc Vd
ac- ac:b’d s 2 2 2 |1 ArcTan acﬁ:‘:f“ tArcTanh| iaca?eb?d ]
Sin[Ar‘cTan[4a+bx] - i ArcTanh| facraicrb dH] - Polylog|2, e {bﬁﬁ] | by a 11+
b~/c \d bvc vd

ArcTanh ac

a+b x 2

b*d? |e vle e ArcTan [ ——22—]" -

1
, b~/c \/d
4c (—J’Lac+a2c+b2d)Jl—jLz“bzd)—2

b2cd




18 | 5.4 Inverse cotangent.nb

a2c:b2d

1 ac- z C+bb2d —ZJiAr'cTan{aGk“’L
(—J‘lac+a2c+b2d) JrAr‘cTan[ aoXx ]—jerog[1+<e by/c +a },
. bvc Vd
_ -iac+a?c+b?d)?
b\/?\/?\/l Ltscstcuta)?
ac- a’cib’d 2 |iArcTan ac*%%Ar‘cTanh{i"ac:zc:Zd 1
2iArcTan| —2*—] Log[1-e bye wlele )] 4 it Log| ] +
b d
\/C_'\/— \/(a2c+bzd> c+a1c+b1(21723c)
(a+b x| a+bx
b2cd
-1 2 2 ac- epd 2 | i ArcTan a&% +ArcTanh | Ziacracb?d
2 ArcTanh | facraicsb d} iAr‘cTan[—a*bX]—Log[l—e {"”W] | e e )] 4 Log
b~/c +/d b+/c /d
ac- acib’d s 2 2 2 |1 ArcTan ac*al"’(“:xzd +ArcTanh | Zt2c:acb?d ]
Sin[Ar‘cTan[4a+bx]—JiAr‘cTanh[ facratc+b dH] - Polylog|2, e {bvwd] { bifc Vo ] ne
bc Vd b/c vd
1 ac’m —21'1ArcTan{a(:;‘i"h:d acfm
a?+/c |mArcTan| ——2*—] _irlog[l+e wle o ']~ 21 ArcTan | ———22%—]
2b\/?(1-iw)—z) bvc Vd bc v
b*cd
2 J‘L/-\r‘cTan{a iﬂil’z}+Ar‘cTanh{7’“c*azc*bzd 1
Log[1-e bye Ve bve e | +imLog| |+
\/ (% c+b? d) (cq:;jj,:cx)
b2cd

a2 c+b2d
ac

i Ar‘cTan{ ;3’“ } +Ar‘cTanh{
by c \d

-iac+a?c+b?d ]

b \/T \E

. - ac_ Febid .
{—1ac+a crb d} iArcTan[——22%* ] _log[1-e

b/e Vd b/ Vd

|+

2 ArcTanh



5.4 Inverse cotangent.nb | 19

a2cib2d

a?c+b’d —iac+alc+b?d 2 JiAr‘cTan{a& asbx }+Ar‘cTanh{ 2=
a+bx ] ~ ler‘cTanh[ H] _ PolyLog[2, e byc 4 by/c \a } -

b/c Vd b/c Vd

ac-

-iac+a? c+bzd}

Log[Sin|ArcTan|

2 2
; 2 b2 a‘c+b*d
iac+a?c+b?d ac-*¥———

-ArcTanh
! a2 C|e [ b/c \d ArcTan [ a+b x 2 N 1
- b/c \d ,

: 2 2 _—bzcd+(nac+a2c+b2dj2 _M

2 (iac+a?c+b d)\/ oy b\/?\/?\/l st

2c+b?d o et

I 2 2 . ac_aac:;)x ; iac+a?c+b2d —ZiAr'cTan[ ﬁ”}}
i(iac+a’c+b’d) |iArcTan[———">>~| |-x+2iArcTanh| || -nlog[1+e se e ] -

bc Vd byc Vd

2 2 a2c:b2d
a‘c+b%d ac- iacea?csb?d

ac - . 2 2 2i |ArcTan 2=bx |11 ArcTanh
2 Ar‘cTan[iamX] +J'1Ar'cTanh[]lac+a c+b d] Log[l-e {"VTVG} {"\Kﬁ |+
bvc \d b~/c \d
1 . iac+a’c+b%d
7 Log| | +21iArcTanh| ]

bc Vd

2cib?d 2
(a% c+b? d) (c+a @ e zac
(asbx)? a+bx

b?cd

a2cib2d

ac- acsbld : 2 2 21 |ArcTan ac*ﬁ*"’; +1 ArcTanh [ f2cratert?d
Log[Sin|ArcTan| asbx ]+iAr‘cTanh[lac+a crb d]HﬂiPolyLog[Z,e ) {W‘W] i o Vo | Rk

bc Vd bc Vd



20 | 5.4 Inverse cotangent.nb

2 2
iac+a?c+b?d a‘c+b%*d
racra 00 @ acC -
a+b x 2 1

b/c Vd

1 -ArcTanh —
ia’c e oi/c a Ar‘cTan[

b2cd

. -b? c d+ (i 2c+b?d)?
(1ac+a2c+b2d) B cd+(iac+a®c+b?d)
b?cd

b\/?\/?\/l iac+a?c+b?d)?

2 2 a2 c+b2 d
a‘c+b*d ac-———
ac- -2 i ArcTan acbx

]HLog[lJre v/ +fa ]—

a+b x

' iac+a?c+b?d
771+21Ar‘cTanh[ }

bc Vd bc Vd

i(iac+a’c+b’d) JiAr‘cTan{

a2 c+b2d

2 2
ac- ¥c«bd : 2 b2 d 2i |ArcTan| = abx |1 j ArcTanh iacacibid
2 |ArcTan] 2:bx ]+J’1Ar‘cTanh[lac+a < || Log[1-e b“W} WCVT} ]+
bvc /d bvc Vd
1 , iac+a?c+b?d
nLog]| | +21i ArcTanh]| ]
(a? c+b? d) (chaZ&Hbzdizac) b\/?\/d—
(atbx)? atbx
b2cd
2 2 7alcob1d
ac_ dcbd : 2 2 21i Ar‘cTan{ac aibx ]+1‘1Ar‘cTanh 7"”*32“8‘1}]
a a b<d —
Log[Sin[Ar‘cTan[ié”bx] +]’1Ar'cTanh[]l cracr |]] + 1 PolyLog[2, e bi/c bi/e Vo K
b~/c \/d b~/c /d
1 -ArcTanh M ac - % 2
3a%c |e efefe " ArcTan| 2o x +

bvc \/d

4(jac+a2c+b2d) _szcd+(1'1ac+azc+b2d)2
b%cd



5.4 Inverse cotangent.nb

2 c+b?d
1 ac-*® iac+a?c+b2d
j(]lac+a2c+b2d) JiArcTan[ia*bx] [JT+2]1APCTanh[1 : : } -
. bc v/d b~/c Vd
_ iac+a?c+b?d)?
b\/?\/?\/l e
a2c:b2d 2 2
2 ArcTan| 5 e ac- acbd iac+aZc+b?d
mlog[l+e [bwﬁwq}] -2 [ArcTan[ ——*2*~] . j ArcTanh| race : ]
bc \/d bc \/d
2i Ar‘cTan{a&;:“";}H‘LAr‘cTanh[iac;i& 1 iac+a’c+b?d
Log[1-e bye Vd wlele ] 4 Log | +21iArcTanh| ]
(a? c+b? d) (c EZC+b2dizac) b\/?\/?
(:bx)?_atbx
b?cd
2 2 _aZcwb2d
ac- ¥cbd : 2 2 24 |ArcTan| o zbx ].j apcTanh[i2cece?d
ac+a‘c+bsd — —
Log[Sin[ArcTan| abx |+ JiAr'cTanh[]l : : |]] + 1 PolyLog[2, e {b < ] byc e
b/c \/d bc \/d
) B 2 c+b?d
1 _ArcTanh iac+a?c+b’d ac- a‘c+b"d
a*c? e {b\/c Ja " ArcTan| atbx 12,
4b2d (]Ilac+azc+b2d) 77b2cd+(iac+a2c+b2d)2 b\/?\/F
b?cd
a?c+b%d
1 ac- iac+alc+b?d
i(iac+a’c+b’d) iAr‘cTan[iE’”bx] [—7T+211Ar‘cTanh[Jl : : -
b/c \/d bc \/d

b?cd

b\E\H\/l iac+a?c+b?d)?

]

]

| 21



22 | 5.4 Inverse cotangent.nb

a2 c-b2d

2 2
-2 i ArcTan Y arbx ac- acbd iac a2c bzd
nlog[l+e bi/e +/a }] -2 |ArcTan[ ———2*—] . i ArcTanh]| racy - ]
b~/c /d b~/c \/d
21 Ar‘cTan{a ;ﬁc“"}%iArcTanh[M 1 iac+alc+b2d
Log[l—e bye vd oe o ]+7rLog[ ]+21’1Ar‘cTanh[ ]
o bvc Vd
(a2 cib2a) [cr2evd 2ec )
b%cd
2 b2 en
ac-_ ¥cbd - 2 2 24 ArcTan{ac aubx ]HiAr‘cTanh 7““*32“”2"}
ac+a“c+bd ;
Log[Sin[Ar‘cTan[—a*bX] + JiAr‘cTanh[]l : ’ |]] +1iPolyLog[2, e oy 4 oo ] 4
b~/c \/d b~/c /d
1 -ArcTanh % ac—% )
ia’c? |e ofeJa T ApcTan [ ——2—]" +
2b2d(J’lac+a2C+bZd)\/_bzc‘j“(ifv‘“azC+bzcl)2 b/c d
b2cd
a?c+b%d
1 ac- iac+alc+b?d
i(iac+a’c+b’d) JiArcTan[ia*bx] —7r+2jLAr‘cTanh[]l : - -
. bvc Vd bvc Vd
_ iac+a?c+b?d)?
b\/?\/?\/l e
a2 cb2d 2 2
-2 i ArcTan 7T e ac- geibd . 2 b2d
nlog[l+e [chq | -2 Ar‘cTan[ia”’x}JrJ'LAr‘cTanh[]laCJra Shi ]
bc \/d bc \/d
21 Ar‘cTan[a&%%iArcTanh[% 1 ]iaC+32C+b2d
Log[1-e bye Ve ele e )]+ Log| | +2iArcTanh]| ]

(asbx)? atbx

\/ o b/c \d
(az c+b2d) (C+a c+b dizac)

b2cd



5.4 Inverse cotangent.nb | 23

2 cib? ens
ac- 2ebd : 2 b2 d 2i Ar‘cTan{ac atbx ]H‘lAr‘cTanh{iﬁ”‘azc‘bzd ]
Log[Sin[Ar‘cTan[ie”bx] + JiAr'cTanh[]l acracy |]] +1PolyLog|2, e oie fa bve e K
b~/c \/d b~/c /d
1 _ArcTanh [ 12cr2lesb?d ac- a’csb?d )
a®c? |e vi/e o Ar‘cTan[4EHbX +
4b2d(J'Lac+a2c+b2d)\/‘bzcm“i“azC+b2d)2 be e
b*cd
2 c+b?d
1 ac - acipd . 2 b2d
i(iac+a’c+b?d) iAr‘cTan[ie”bx —7r+211Ar‘cTanh[1ac+a € -
. b~/c \/d b~/c V/d
_ iac+a?c+b?d)?
b\/?\/?\/l e
—ZJiAr‘cTan[ac;% ac_% ) iac+a%?c+b%d
7rLog[1+<e by Vd ] -2 Ar‘cTan[ } +1Ar‘cTanh[ }
bc \d bc \/d
21 Ar‘cTan{a&%%iAr‘cTanh[w 1 iac+a?c+b%d
Log[1-e o a eVe Ve ]+ Log | +2 i ArcTanh]| ]
. b~c Vd
(a% c+b? d) (c+ac+ 2—2“)
(a+b x| a+bx
b2cd
2 cib? 2enta
ac- rexd c+b’d : 2 b2 d 23 |ArcTan| =2 |5 ArcTanh 7““12“"” ]
Log[Sin[ArcTan| arbx ] +J’1Ar‘cTanh[lac+a i |]] + 1 PolyLog[2, e {bﬁﬁ] [ by/c /a ) ne

bc Vd bc Vd



24 | 5.4 Inverse cotangent.nb

a2 e a%c+b%d
1 _ArcTanh | i2cr2ferb?d ac-—— 1

. 2
b2d |e oi/c \a Ar‘cTan[ abx +

bc Vd

b2cd

. -b2 cd+ (i 2 c+b2d)?
4 (iac+a’c+bd) [-—= +(i8cva? c4b?d)
b2cd

b\/?\/?\/l iac+a?c+b?d)?

2 2 a2 c+b2 d
a‘c+b*d ac-———
ac- -2 i ArcTan acbx

]HLog[lJre v/ +fa ]—

a+b x

' iac+a?c+b?d
771+21Ar‘cTanh[ }

bc Vd bc Vd

i(iac+a’c+b’d) JiAr‘cTan{

a2 c+b2d

2 2
ac- ¥c«bd : 2 b2 d 2i |ArcTan| = abx |1 j ArcTanh iacacibid
2 |ArcTan] 2:bx ]+J’1Ar‘cTanh[lac+a < || Log[1-e b“W} WCVT} ]+
bvc /d bvc Vd
1 , iac+a?c+b?d
nLog]| | +21i ArcTanh]| ]
(a? c+b? d) (chaZ&Hbzdizac) b\/?\/d—
(atbx)? atbx
b2cd
2 2 7alcob1d
ac_ dcbd : 2 2 21i Ar‘cTan{ac aibx ]+1‘1Ar‘cTanh 7"”*32“8‘1}]
a a b<d —
Log[Sin[Ar‘cTan[ié”bx] +]’1Ar'cTanh[]l cracr |]] + 1 PolyLog[2, e bi/c bi/e Vo K
b~/c \/d b~/c /d
1 —ArcTanh % ac- % )
iab%d |e v/e Ja " ArcTan| ox

bvc Vd

. -b2 cd+ (i 2¢cib?d)?
2 (tac+a?c+b?d) |- cd(iacra’c+b?d)
b2cd



5.4 Inverse cotangent.nb

2 c+b?d
1 ac-*® iac+a?c+b2d
j(]lac+a2c+b2d) JiArcTan[ia*bx] [JT+2]1APCTanh[1 : : } -
. bc v/d b~/c Vd
_ iac+a?c+b?d)?
b\/?\/?\/l e
a2c:b2d 2 2
2 ArcTan| 5 e ac- acbd iac+aZc+b?d
mlog[l+e [MT\G}] -2 [ArcTan[ ——*2*~] . j ArcTanh| race : ]
bc \/d bc \/d
2i Ar‘cTan{a&;:““h}H‘LAr‘cTanh[iac;i& 1 iac+a’c+b?d
Log[1-e by Ve o e | +mLog| | +21iArcTanh| ]
(a? c+b? d) (c az&HbZdizac) b\/?\/?
(:bx)?_atbx
b?cd
2 2 _aZcwb2d
ac- ¥cbd : 2 2 24 |ArcTan| o zbx ].j apcTanh[i2cece?d
ac+a‘c+b*d — —
Log[Sin[ArcTan| abx |+ JiAr'cTanh[]l : : |]] + 1 PolyLog[2, e {b < ] byc e
b/c \/d bc \/d
) S 2 c+b?d
1 _ArcTanh uac’wa c+b?d ac- azc+b”d
3a’b%d |e {bv‘cv’d ArcTan | atbx 12,
4(1‘1ac+a2c+b2d) _ -b?cd+(iac+a’c+b?d)? b%ﬁ
b2cd
a?c+b%d
1 ac- iac+alc+b?d
i(iac+a’c+b’d) iAr‘cTan{iE’”bx] [—71+211Ar‘cTanh[Jl : : -
b/c \/d bc \/d

b?cd

b\E\H\/l iac+a?c+b?d)?

]

]

| 25
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a2 c-b2d

-2 i ArcTan Y “’L} ac’% jac+a2c+b2d
nlog[l+e v/efe 7] ~2 |ArcTan [ ———>2*—] + i ArcTanh| ]
bvec Vd bvc Vd
21i Ar‘cTan{a ::"E }H‘L Ar‘cTanh[iiM*azc*bzd 1 iac+alc+b2d
Log[l—e bye vd oe o ]+7rLog[ ]+21’1Ar‘cTanh[ ]
(a2c+b2d) (chEZC\bzdiZac) b\/?\/?
(atbx)? atbx
b%cd
ac- 2cbld : 2 2 214 |ArcTan ac% +1 ArcTanh| L2e2teb?d
Log[Sin[Ar‘cTan[—a*bX]+iAr‘cTanh[lac+a c+b d]HHiPolyLog{Z,e {bVCV'd] oy 4 | Rk
bvc Vd bvec Vd
. h[iacetentd ac._ 2cbid
1 b4 d2 . ArcTan b\/TV’: Achan[ a+b x 2

b~/c \/d

. —b2 c d+ (i 2 c+b2d)?
4c(iac+a’c+b?d) |- cdr(iacra? crb?d)
b2cd

a?c+b%d

1 ac- a+b x ]

i(iac+a’c+b’d) i ArcTan |

b\/?\/?\/l— iac+a?c+b?d)? b\/?\/?

. iac+a?c+b%d
-7 +21ArcTanh| -

bvc Vd

b?cd

a2csb2d

—21‘1Ar‘cTan[aCiﬁ“’xh ac’% iac+a?c+b%d
nlog[l+e oo Ja ']~ 2 |ArcTan| ———22*—] + i ArcTanh| ]
bc Vd bc Vd
2i Ar‘cTan[ 7%%1 ArcTanh[% 1 iac+aZc+b?d
Log[l—e b/c by/c \/d ]+7T|_og[ ]+21‘1Ar‘cTanh[ ]

(asbx)? atbx

b2cd

\/ o b/c \d
(az c+b2d) (C+a c+b dizac)
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ac- a’csb’d : 2 b2d 21i |ArcTan a&% +1 ArcTanh [ 12cratert’d ]
Log[Sin[Ar‘cTan[ie”bx]JrJ'LAr'cTanh[]laCJra i |]] +1PolyLog|2, e {bﬁﬁ] {"Fﬁ} ]
bvc Vd bvc Vd
Problem 111: Result is not expressed in closed-form.

ArcCot[a + b x]

J— dx
C+d\g
Optimal (type 4, 693 leaves, 55 steps):
: : b . . b . d(+/-i-a -v/b /x
721\/1+a ArcTan[%a@] ) 2ivVi-a Ar‘cTanh[LijaE} ) ncLog[ N } Log[c+d&] )
Vb d Vb d d?
, 4 [Via b Vx| , 4 (VTE B , 4 (Vi X
iclog| N }Log[c+d\/?]_1cLog[ T ]Log{c+d\/7}+1cLog[ NP }Log[c+dx/?]+
d? d? d?
. i-a-bx . i-a-bx . i+a+b x . i+a+b x
lx/YLog[—ai’—bX] ) iclog[c+d/x | Log[—aj‘—bx] ) ]l\/YLOg[:—bX] ) iclog[c+d/x | Log[af—bx} )
d d? d d?
i cPolyLog|2, Vb [erd VX | icPolylog|2, Vb [erd VX | icPolylog|2, Vb [erdVx | icPolyLog|2, Vb [erd VX ]
Jbcviad Vb e/ iadl | Vbeyiadl Vb cisa d
d? d? d? d?

Result (type 7, 313 leaves):

1 4 ArcCot[a + b X] (d\/;chog[c+dW]) +
2 d? NCY

4 (1+1a) Ar‘cTan[M] 4(1-1ia) Ar‘cTan[M]

—-i+a i+a
+

V-1i+a 1+a

d -+V/b cdRootSum|[b?c*+2abc’d?+d*+a’d*-4b’>cPnl-4abcd’nl+

7Log[c+d\/?}2+2Log[c+d\/?} Log|[1- c*—ili} +2Polylog|2, C*—d“i]

#1

6b2c2n12+2abd?® 112 -4b%cn1d+ b2 11t &, &

bc2+ad?-2bcHl+bnl?
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Problem 112: Unable to integrate problem.

JArcCot [a+bXx]
—dx
c+ 4
X

Optimal (type 4, 830 leaves, 65 steps):

2iVi+a darcTan[Y2X]  25+/i-a dArcTanh[¥2¢] 442 Log|- SRR | Log[d+c/x |
1-a

Ve ) Viw O, NEsor )
Vb ¢? Vb ¢ c?
, ¢ (Vi b Vx) , ¢ [Via b Vx) , ¢ (Vi b Vx|
id?Log| = | Log[d+c+/x ] id?Log| P | Log[d+c~/x | id?Log| e | Log[d+c/x |
c3 ' c3 ) c3 :
(1+ia)Logli-a-bx] jd\/;Log[—iﬁ:;ix] JixLog[—i]::iX} i d? Log[d+cx/7] Log[—iﬁ:;ix]
2bc ) c? : 2c : c3 :
(1_j_a> Log[i +a+bx] jd\/?Log[ii:;ix] ijog[iﬁ;f;ix} i d? Log[d+cx/?] Log[iﬂ;f;ix}
2bc ’ c? ) 2c¢ ) c3 :
id?Polylog|2, - W denbe | id?PolyLog|2, - W del | id?PolyLog|2, ﬁ dex | id?PolyLog|2, M}
+/-i-a c-+/b d Vi-a c-+/b d -i-a c+/b d Vi-a c+/b d

— + —

3 3 3 3

C C C C

Result (type 8, 20 leaves):
ArcCot[a + b x]
——————dx

J\ c+ 4

X

Problem 113: Attempted integration timed out after 120 seconds.

ArcCot[d + e x]
J— dx

a+bx+cx?

Optimal (type 4, 367 leaves, 12 steps):



Ze[b—\/b2—4ac +2Cx 2e |b+y/b2-4ac +2cx
ArcCot [d + e x] Log| | ArcCot[d+ex] Log| ]
[Zc (i-d)+|b-~/b?-4ac | e| (1-1 (d+ex)) [Zc (Ji—d)+[b+w/ b’-4ac ] e) (1-1 (d+ex))
2 (ch— b-+/b%-4ac | e-2c (d+ex) 2 (2cd—(b+«/ b?2-4ac | e-2c (d+ex)
iPolylog[2, 1+ | iPolylLog[2, 1+ ]
(21c—2cd+be—w/b2—4ac e) (1-1 (d+ex)) [Zc (J‘L—d)+(b+w/b2—4ac e) (1-1 (d+ex))
2+/b%2-4ac 2+/b2-4ac

Result (type 1, 1leaves):
22?

Problem 126: Result more than twice size of optimal antiderivative.

JAr‘cCot[1+x1
2+2X

dx

Optimal (type 4, 35leaves, 5steps):

1
| + =i Polylog|2,
1+x 4 1+X

]

1
- — 1 PolylLog [2, -
4

Result (type 4, 157 leaves):
1 .
— (im®-4imArcTan[1+x] +8 i ArcTan[1+x]?+rLog[16] - 4 Log[1+e 2 ArcTanitx ],
16
8ArcTan[1+x] Log[1+e 2tArcTanilx]] _ g ApcTan[1 + x] Log[1 - e2 *ArcTan(1x) | 4 g ApcCot [1 + X] Log[1 + X] +
8 ArcTan[1+x] Log[1+x] -2Log[2+2x+X*] +41i Polylog|2, -e 2 Ar<Tan(1xX1 ] 1 4§ Polylog[2, e *ArcTanit+x] | )

Problem 127: Result more than twice size of optimal antiderivative.

ArcCot[a + b x]
——dx
ad |, gx
b

Optimal (type 4, 45leaves, 5steps):

i Polylog[2, - ] i PolyLog[2, —- ]

2d 2d

Result (type 4, 195leaves):
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1 .
— (irm®-4inArcTan[a+bx] +8iArcTan[a+bx]?+1Log[16] -4 Log[1+e 2 ArcTaniasbx] |
8d

8ArcTan[a+bx] Log[1+e 2iArcTan(asbxl] _gApcTan[a+bx] Log[l - e?*ArcTanlasbx] |, g ArcCot [a+ b x] Log[a+bx] +
8ArcTan[a+bx] Log[a+bx] -2nLlog[l+a*+2abx+b?x*| +4iPolylog[2, -e2*AmTanla:bx) | . 4§ polylog|2, e**ArcTanlasbxl )

Problem 133: Result more than twice size of optimal antiderivative.

Ja +bArcCot[c+dx]
X

e+fx

Optimal (type 4, 162 leaves, 5steps):

) (a+bArcCot[c+dx]) Log[ﬁ} ) (a+bArcCot[c+dx]) Log| <de+1f,2cd1c§e(+;?(c+dx>)] )
f f
. 2 . 2d (e+fx)
ib P01yLOg[2’ 1- 1-i (c+dx) ] . . bPOlyLOg{Z’ 1- (de+if-cf) (1-1i (c+dXx)) ]
2f 2f
Result (type 4, 336 leaves):
1
— |aLog[e+fx] +
.F
1 . de-cf
b | (ArcCot[c+dx] +ArcTan[c+dx]) Log[e+fx] +ArcTan[c+dx] [Log|———————| - Log|[Sin[ArcTan[———] +ArcTan[c+dx] ||| +
1+ (C+dx)2 f
_ 2
1 li (n—ZAr‘cTan[c+dx])2+i [Ar‘cTan[M} +ArcTan[c+dx]| - (m-2ArcTan[c+dx]) Log[1 + e 2 tArcTanlcadx) ] _
2 |4
2 (Ar‘cTan[M} +ArcTan[c +d x] Log[lfcezjl (ArCTan{g%ArCTa"[c*dx])] + (m-2ArcTan[c+dx]) Log[;} +
f 1+ <C+dx>2

de-cof
2 (Ar‘cTan[i} +ArcTan[c +dX]
-F

. de-cf
Log[2 Sln[Ar‘cTan[T] +ArcTan[c+dx]]] +

de c?}

i PolyLog [2, _ e,z i ArcTan[c+d x] ] i1 PolyLog [2, ez 1 (Ar‘cTan[ +ArcTan[c+d x]) ]
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Problem 139: Attempted integration timed out after 120 seconds.

J(a+bAr‘cCo‘c[c+dx])2
dx

e+fXx

Optimal (type 4, 261 leaves, 2 steps):

2 2 2 2d (e+fx)

(a+bArcCot[c+dx]) Log[il_jl v ] (a+bArcCot[c+dx]) Log | FTSe RS —— ]
_ N _

f f
. B 2 . _ 2d (e+fx)
ib (a+bArcCot[c+dx]) PolyLog|2, 1 P ] ) ib (a+bArcCot[c+dx]) Polylog|2, 1 deitef a e ] )
f f
2 2 2 B 2d (e+fx)
b POlyLOg[3’ 1 1-i (c+dx) ] . b POIyLOg[B’ 1 (de+if-cf) (1-i (c+dx)) }
2f 2f

Result (type 1, 1leaves):

e

Problem 140: Result more than twice size of optimal antiderivative.

J(a+bAr‘cCot[c+dx])2
dx

<e+1‘:x)2

Optimal (type 4, 567 leaves, 25 steps):

i b2 dArcCot[c +dx]?2 b2d (de-cf)ArcCot[c+dx]? (a+bArcCot[c+dx])® 2abd(de-cf)ArcTan[c+dx] 2abdLlogle+fx]

d2e2—2cde-F+(1+c2)-F2+-F(d2e2—2cdef+(1+c2) 2) ) f (e+fx) f(fzwdefcf)z) £ (de-cf)? :
2b2dArcCot[c +dx] Log[ﬁ] ) 2b2dArcCot[c+dx] Log| (deq:cdf;e(*:i’;)“mx))] ) 2b2dArcCot[c +dx] Log[m]
d?e?-2cdef+ (1+c?) 2 d?e?-2cdef+ (1+c?) 2 d?e?-2cdef+ (1+c?) f
abdlog[1+ (c+dx)?] ) ib2dPolylLog[2, 1- i (idX)] ) ib2dPolyLog[2, 1- (deq:cdfge:?’&“dx))} ) ib2dPolyLog|2, 1- i (idx)}
-F2+(de—cf)2 d2e2—2cde1c+(1+c2)1cz d2e2—2cd¢31‘:+(1+c2)1cz d2e2—2cdef+<1+c2)1C2

Result (type 4, 1188 leaves):
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2
a? 1 ) f de-cf ArcCot [c +d X]
- - 2ab(1+(c+dx)) +
fle+fx) df (e+fx)? ) . L
1+ (c+d x)? <C+ X> 1+ (c+d x)? (C+dX) 1+ L S f + de-cf
(c+d x) 1 .
1+ (c+d x) 1+
(c+dx)? (cedx)?
~deArcCot[c+dx] +cfArcCot[c+dx] +fLog|- £ de

cf }
- +
1+t = (c+d x) 1+t 3 (c+dx) |1+ E 5
(c+dx) (c+dx) (c+dx)

d?e?-2cdef+ (1+c?) 2

1 f de-cf
b2(1+(c+dx)2) +
d <e+'FX>2 1 1
1+ (C+dx> 1+
(c+dx)? (c+dx)?
ArcCot[c +dx]? 1 deArcCot[c +dx]?

_ + =2 _

f o |2(d?e?-2cdef+f?+c?f?)
f (C +dX> 1+ —1 - f - de + cf
(c+d x)? 1 1 [ 1
1+ (c+dx) [1+ (c+dx) [1+
(crdx)? (cedx)? (cvdx)?

i f ArcCot[c +d x]? c fArcCot[c+dx]? , ,
- - |ArcCot[c+dx] |2 (de-if-cf)ArcCot[c+dx] +21i fArcTan|

2 (d?e?-2cdef+f?+c2f2) 2 (d?e?-2cdef+f2+c?f?

| - flog| + - [1|/ (2 (e -2cdef (1:c) £)) -
1+ —1— <C+dx) 1+ 1 (c+dx> 1+ —1

(c+d x)? (c+d x)?

c+dx
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1 deArcCot[c +dx]? :
f|-1imArcCot[c+dx] +cArcCot[c+dx]?- [ : _ ¢ glAreTan|

2 (d?e?-2cdef+ (1+c?) f?) f

defcf}

i f 2 a2 2\ £2
deenAr‘cTan{de{f} d?e?-2cdef+(1+c?) f ArcCot [c +dX]2
(de-cf)? 1 2

ArcCot[c +dx]?+ —JiAr‘cTan[ ] _
(de—c-F>2 f c+dx

d?e2-2cdef+ (1+c2) f2

2i (Ar‘cCot[c+d x] +ArcTan[#” ] +2 ArcTan [ f } Log [1 B

nlog |1+ e 2iArccoticsdx) ] 5 ApcCot[c +dx] Log[1-e
-de+cef

o2 1 [Arceot crdx] arcTan| T ) | +mLog| . — | +ArcCot[c+dx] Log| f + de-cf | +2ArcTan|

(c+dx)? (c+dx)?

f | |1 ArcCot[c+dx] +Log[Sin[ArcCot[c+dx] +ArcTan] ;] 1] ) +1iPolylog[2, e*' (Arccot (c+dx) sarcTan| £ ]) ]

de-cf de-cf

Problem 141: Result more than twice size of optimal antiderivative.

J(e+'FX)2 (a+bArcCotc+dx])*dx

Optimal (type 4, 565 leaves, 21 steps):
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ab2f2x b>f2 (c+dx) ArcCot[c +dx] bF2<a+bAr‘cCot[c+dx})2 3ibf (de-cf) <a+bAr‘cCot[c+dx])2

+ + +
d? d? 2d3 d3
3bf (de-cf) (c+dx) (a+bArcCot[c+dx])?> bf?(c+dx)? (a+bArcCot{c+dx])?
+ +
d3 2d3
i(3d?e?-6cdef- (1-3c?) f?) (a+bAr‘cCo‘c[c+dx1)3 (de-cf) (d?e?-2cdef- (3-c?) ?) (a+bAr‘cCot[c+dx1>3
- +
3d3 3d3f
(e+£x)* (a+bArcCotc+dx]) 6bf (de-cf) (a+bArcCot[c+dx])Log[lﬂi(idx)}
3f d3
b(3d?e?-6cdef- (1-3c?) f?) (a+bAr‘cCot[c+dx])zLog[lﬂi(idx)] b® £2 Log[1+ (c + dx)?]
d3 ' 2d3
3ib*f (de-cf) PolyLog[Z,l—m} ib?(3d2e?-6cdef- (1-3c?)f?) (a+bAr‘cCot[c+dx])PolyLog[Z,l—lﬂi(idX)
d? : d?
b* (3d?e?-6cdef- (1-3c2) 2) PolyLog{3,1—m
2d3

Result (type 4, 2336 leaves):
az(ad2e2+3bdef—2bcfz)x a21"(2ade+b1‘:)x2 1
+ +—atfixd s
d? 2d 3

(—Bazbcdzez—3azbdef+3a2bc2def+3a2bcfz—azbc3f2) ArcTan[c +dx]

a’bx (3e*+3efx+fx*) ArcCot[c+dx] + ;
d

(3a2bd?e?-6a’bcdef-a2bf2+3a2bc?f2) Log[1+c?+2cdx+d?x?]

+

+
2d?

4d(c+dxf(1+(

ab?f2x? (1+ (c+dx)2) (c+dx) (1-6cArcCotc+dx] +3ArcCot[c+dx]2+3c?ArcCot[c+dx]?) -

1

(c+dx) |[1+————— (1-6cArcCot[c+dx]-ArcCot[c+dx]?+3c?ArcCot[c+dx]?) Cos[3ArcCot[c+dx]] -

<C+dx)2

o)
c+dx)?

1
(c+d x) 1+[(>dx)2
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2 |-2ArcCot[c+dx] +1ArcCot[c+dx]%2+6cArcCot[c+dx]2-31c?ArcCot[c+dx]%+

) 1
2 (-1+3c?) ArcCot[c+dx] Log[1-e* Arccoticrdx] _6 ¢ Log| | +Cos[2ArcCot[c+dx]]

(C+dx> 1+ 1

(c+dx)?

i(-1+3c?) ArcCot[c+dx]?+ (2-6c?) ArcCot[c+dx] Log[1-e?*Arccotic=dxl | 4 6 ¢ Log| =

(c+dx) [1+ 1

(c+dx)?

41 (-1+3 2\ polvL 2 21 ArcCot[c+d x]
i(-1+3¢2) o;zfog[,«i I 21 1 sabtel (1e [crdx]’
<C+dx> (1+ (c+dx)2) d (C+dx> (1+ a0

(- (c+dx) ArcCot[c+dx]?+2ArcCot[c+dx] Log[1- e Arccoticsdxl ] _j (ApcCot[c +dx]?+Polylog|2, e? Arccoticrdx] ) 4
1

(c+dx>2(1+ L )

(c+dx)?

6ablef 1+ (c+dx)’

Log| —————]
(c+dx) ArcCot[c +dx] < (c+dx) Ar‘cCot[c+dx]2+ (c+dx)? (1+ (c+;x)2 APCCOt[CdeX]Zi (c+dx) 1*(0;\,2 .
d? d? 2 d? d?
2¢ (Ar‘cCot [c+dX] Log[l - e“A““t[c*dX]] - i i (Ar‘cCot[c +dx]2+ PolyLog[Z, @2 L ArcCotcrdx] ] )) 1
d? 4 (crdx)?(1+ o

3

b3 e? <1+ (c+dx)2) [ = +1ArcCot[c+dx]?- (c+dx) ArcCot[c+dx]>+3ArcCot[c+dx]?Log[1- e 2tArccoticdx] ],

8
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1

4d (c+dx)? (1+ (c+;x>2)

. 3 )
3 i ArcCot [c +d x] PolylLog[2, e 2 Arccoticsdx]] | = poly| og[3, e 2ArcCoticrdx] ||
2

b3ef(1+ (c+dx)2) [Jic;13+12j1Ar‘cCot[c+dx}2+12 (c+dx) ArcCot[c+dx]?+8i cArcCot[c+dx]>-8c (c+dx) ArcCot[c+dx]>

4 (c+c|x)2 1+ ArcCot[c+dx]®+24 cArcCot[c+dx]?Log|1-e2tArccoticxdx]] 24 ApcCot[c +dx] Log[1 - e Arccoticrdx] ]

(c+dx)2

24 i c ArcCot[c +dx] PolylLog[2, e 2 Arccoticsdx]] 1) j polylog[2, e?*Arccoticdxl] 4 12 c Polylog[3, e 2 ArcCoticrdx]]

1 .
b® 2 (14 (c+dx)?] |i (~1+3c?) ArcCot[c+dx] Polylog[2, e 2iArccotierdx] ]
d* (c+dx)? (1+ %)
(c+d x)
1 , 1 22 313 9icn 24 ArcCot[c+dx]
— (c+dx) 1+
96

d 2
(c+dx) (c+dx) [1+—2—  (c+dx) [1+
(crdx) (crdx) N

72 c ArcCot[c +dx]? 48 ArcCot [c +d x]? 2161cAr‘cCot c+dx]? 24Ar‘cCot c+dx]3 24c ArcCot[c+dx]3

[1+—1— (c+dx) [1+—2 (c+dx) [1+ [1 [1
(c+dx)? (c+dx)? c+dx c+dx c+dx
24 i ArcCot[c +dx]3 96 c ArcCot[c+dx]3> 721 c?ArcCot[c+dx]3
+ + +24 ArcCot[c +dx] Cos[3ArcCot[c+dXx]] -

<c+dx) [1+ (c+;x)2 (c+dx) 1+ (c+jx)2 <C+dx) 1+ (cjx)z

72 c ArcCot [c + dx]2 Cos[3 ArcCot[c+dx]] -8ArcCot[c+dx]>Cos[3ArcCot[c+dx]] +24c?ArcCot[c+dx]3Cos[3ArcCot[c+dx]] -

72 ArcCot[c +dx]2 Log[1 - e 2iArcCoticdx] [ 216 c2 ArcCot [c +d X]2 Log[1 - e 21 ArcCotcadx] |
+
1 1
<C+dx) 1+ a2 <C+dx) 1+ a2
72 Log[ ————]
432 c ArcCot [c + d x] Log[1 - g2 ArcCoticrdx] ] (erdx) 1T 288 i c Polylog[2, e?iArcCoticrdx] ]|
+ + +
3 1 3/2
(C+dx> 1+ 1 (C+dx> 1+ 1 <C+dx) (1+(c+dx)2)
(c+dx)? (c+dx)?
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48 (-1+3c?) Polylog[3, e 2iArcCoticrdx]]

~173Sin[3ArcCot[c+dx]] +31c?n3Sin[3ArcCot[c+dx]] -721cArcCot[c+dx]?
3 1
<C+dx) (1+—

3/2
(c+dx)? )

Sin[3 ArcCot[c+dx]] +8 1 ArcCot[c +dx]3Sin[3 ArcCot[c+dx]] -241 c?ArcCot[c+dx]3Sin[3ArcCot[c+dx]] +
24 ArcCot[c +dx]? Log[1 - e 2t Arccoticrdxl ] sin[3 ArcCot [c+dx]] - 72 c* ArcCot[c + dx]? Log[1 - e 2 Arccoticrdx] ] sin[3 ArcCot[c+dx]] +

144 c ArcCot [c + d x] Log|[1 - e?*Arccotic+dx] [ sin[3 ArcCot[c +dx]] - 24 Log|

| sin[3ArcCot[c+dx]]
1

<c+dx> 1+

(c+dx)?
Problem 144: Attempted integration timed out after 120 seconds.
(a+bArcCotc+dx])>
J dx
e+fx
Optimal (type 4, 372leaves, 2 steps):
3 2 3 2d (e+fx)
(a+bArcCot[c+dx]) Log[il,j o | (a+bArcCot[c+dx])> Log| TSP ]
_ . _
f f
, 2 2 . 2 B 2d (e+fx)
3ib (a+bArcCotc+dx])*Polylog|2, 1- Tcan ] ) 3ib (a+bArcCot[c+dx])?PolyLog|2, 1 TSR —— ] )
2f 2f
2 2 2 2d (e+fx)
3b% (a+bArcCot[c+dx]) PolylLog|3, 1- P ] ) 3b% (a+bArcCot[c+dx]) PolylLog|3, 1- I ] )
2 f 2f
L3 2 .13 2d (e+fx)
31i b3 Polylog[4, 1- P | 3ib*Polylog|4, 1- FPRT R —— ]

4f 4 f

Result (type 1, 1leaves):

e

Problem 145: Attempted integration timed out after 120 seconds.

J(a+bAr'cCot[c+dx])3
dx

<e+'Fx>2

Optimal (type 4, 1233 leaves, 35 steps):
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3iab?dArcCot[c+dx]2 3ab’d(de-cf)ArcCot[c+dx]? ib3dArcCot[c+dx]3
+ + +
d2e2—2cde1c+(1+c2)1‘:2 f(d2e2—2cdef+(1+c2)f2) dzez—2cde1°+<1+c2)1CZ

b*d (de-cf) ArcCot[c+dx]? (a+bAr‘cCot[c+dx1)3 3a’bd (de-cf)ArcTan[c+dx] 3a’bdLlogle+fx]

+

f(d?e’-2cdef+ (1+c?) f?) f(e+fXx) 'F('F2+(de—C'F)2) 24 (de-cf)?
2 2 3 2 2 2 2d (e+fx)
6 ab*dArcCot[c+dx] Log[il_jl cdx) } 3 b’ dArcCot[c+dx] Log[il_jl cdx) } 6 ab*dArcCot[c+dx] Log[ derifcf) (Lilcdn) }
N _ _
d?e?-2cdef+ (1+c?) 2 d?e?-2cdef+ (1+c?) 2 d?e?-2cdef+ (1+c?) 2

3 2 2d (e+f x) 2 2 3 2 2

3b3dArcCot[c +dx] Log[(deﬂiﬁcﬂ o (de))} ) 6ab2dArcCot[c+dx] Log[ml (“dx)} ) 3b3dArcCot[c +dx] Log[ml (“dx)}
d?e?-2cdef+ (1+c?) 2 d?’e?-2cdef+ (1+c?) f2 d?e?-2cdef+ (1+c?) f2
. 2 . 2
3a2bd Log[1+ (c+dx)?] 3iab?dPolylog[2, 1- m} 3i b3dArcCot[c+dx] Polylog[2, 1- m]
+ + -

2(F2+(de—cf)2) d2e2—2cdef+(1+c2)f2 d2e2—2cdef+(1+c2)f2

. 2 _ 2d (e+fx) © a3 _ 2d (e+fx)
3iab?dPolylog|2, 1 FTT R ] ) 3i b3 dArcCot[c+dx] PolyLog[2, 1 FTT R —— ] )

d?e?-2cdef+ (1+c?) f d?e?-2cdef+ (1+c?) f

. 2 3 2 W3 2

3iab?dPolylog[2, 1- —=——=] 3ib’dArcCot[c+dx]Polylog[2, 1- —* ]
+ +

d?e?-2cdef+ (1+c?) 2 d?e?-2cdef+ (1+c?) 2

3 2 3 _ 2d (e+fx) 3 2
3b3dPolylog|3, 1 P ] 7 3b3dPolylog|3, 1 PIT ] 7 3b3dPolylog|3, 1 —— ]
2 (d?e?-2cdef+ (1+c?) £2) 2 (d?e*-2cdef+ (1+c?) £2) 2 (d?e*-2cdef+ (1+c?) f2)

Result (type 1, 1leaves):
22?
Problem 146: Unable to integrate problem.

J(eﬂcx)"‘ (a+bArcCotc+dx]) dx

Optimal (type 5, 177 leaves, 6 steps):

(e . Fx)l*"‘ (a +bArcCot[c+dx] ) ibd (e + fx)z”" Hyper‘geometr‘icZFl[l, 2+m, 3+m, _(—)_ddej;:—)i:f]

£ (1em) ' 2fF (de+ (i c)f) (1+m) (2+m)

ibd (e+fx)*"Hypergeometric2F1[1, 2+m, 3 +m, (o) ]
de-(i+c) f

2f (de- (i+c)f) (1+m) (2+m)

Result (type 8, 20 leaves):



J(eﬂcx)’“ (a+bArcCot[c+dx]) dx

Problem 152: Unable to integrate problem.

l+cx

dx

(a + bAr‘cCot[@] )3
—

J 1-c?x?

Optimal (type 4, 488 leaves, 9steps):

2

1+cx 1l+cx

a+bAr‘cCot[E})3Ar‘cCoth[l— 2] 31’Lb(a+bAr‘cCot[@])zPolyLog[Z,1— 21 ]

. 1-cx
1+

1+cx
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C 2c
2 .
3ib (a + bAr‘cCot[@] ) Polylog|[2, 1- ;2@} 3 b2 (a + bAr‘cCot[@] ) Polylog[3, 1- —21—
1+cx 1 ) V:] 1+Cx o J1cex
V 1+C X 1+——— 1+
V 1eex NE
N _
2c 2c
3b? (a +b ArcCot | Viex ] ) PolyLog[3, 1- —2lex | 3ib’Polylog[4, 1- —2:—]| 3ib’Polylog[4, 1- —2Vlex ]
Liex VIrex [iedrex ] jofrex Jiex [7V ]
3 1+ex W 1+cx W 1:cx
2c 4c 4c

Result (type 8, 42 leaves):

J(a+bAr‘cCo‘c[3@])3

1-c2x?

dx

Problem 153: Unable to integrate problem.

l+cx

dx
1-c?x?

J\(a+bArcCot[@])2

Optimal (type 4, 321 leaves, 7 steps):
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2 .
2 a+bAr‘cCot{@}) ArcCoth[1- —2—] ib (a+bAr‘cCot[@}) Polylog[2, 1- —21—
1+C X 1+n\/‘17cx A/ 1+cx ].H\/ch
\/1+cx \/‘?
_ " _
C C
ib (a+bAr‘cCot[@}) PolyLog[Z, 17%] b? PolyLog[B, 1- —24 b? PolyLog[3, 17%]
1+Cx . 1-cx . o 1-cx . AJ1-cx
\T[ +\7] P \T +jJ
o W 1+cx ' 4 1+cx o Viex
i _
C 2c 2c

Result (type 8, 42 leaves):

J(a+bAr‘cCot[@])2

dx
1-c2x?

Problem 160: Result more than twice size of optimal antiderivative.
JAr'cCot [c+dTan[a+bx]] dx

Optimal (type 4, 198 leaves, 7 steps):

<1+Jic+d> eZJ’la+2j1bx

1
x ArcCot[c+dTan[a+bx]] - —ixLog[l+
2

|+

l1+ic-d

+

lJixLog[1+
2 c+11(1+d) 4b 4b

Result (type 4, 418 leaves):
x ArcCot[c+dTan[a+bx]] -

C (1+@2j (a+bx)> C <1+(EZJ'L (a+bx)>

1 (c-i (1+d)) e (abx
— [2aArcTan]| - - | +2aArcTan] : - ] +2i (a+bx) Log[1+
4b 1+d+ezn(a+bx)_de21(a+bx) 1+921(a+bx)+d(_1+(6211(a+bx)> C+]l(—1+d>

}_
(i+c-id) et @bx
c+i<1+d>
jaLog[e’“(a*bX) (Cz <1+ezi(a+bx)>2+ (1+ezjl(a+bx) +d (71+621(a+bx)>)2)] .

~i(1+d 21 (a+bx) . —id 21 (a+bx)
(c-1i( .+ )) e ]—PolyLog[Z,—(lJrc Jl. ) e }]
c+1<—1+d) C+Jl<1+d)

21 (a+bx) Log[1+ } +J‘LaLog[e’“(a*bX) (CZ <1+e2i(a+bx)>2+ (1+d+ezj(a+bx) 7d621<a+bx>>2)} -

Polylog|2, -
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Problem 173: Result more than twice size of optimal antiderivative.
JAr‘cCot [c+dCot[a+bx]] dx

Optimal (type 4, 198 leaves, 7 steps):

<1+]'1C7d> e21a+21'1bx

|+

(cvi [1od)) erioziox Polyloglz, SSHETH] Polylog[2, I

1
x ArcCot[c+dCot[a+bx]] - —ixLlog[l-
2 l1+ic+d

+

EJixLog{l—
2 c+i(1-d) 4b 4b

Result (type 4, 416 leaves):
x ArcCot[c+dCot[a+bx]] -

1 - [ c(71+efzil(a+bx)) C<—1+e2j‘(a*bx>) <C+j(71+d>)e2j(a*bx)
- aArclian

4b —1+d+efzj (a+b x) +defzi (a+b x)

<C+ i (1+d)) @21 (atbx)

} + 2aAr‘cTan[

_1+d+(EZiL(a+bx) +dezi(a+bx) } v2i <a+bx> Log[l_ c-1 <1+d>

] -

2i (a+bx) Log[1- | - ialog[e: b0 (¢ (14 e (002, (1.d e (00 g e?t e )2) |

1+c-1d
JlaLog[e’“(a*bX) (cz (_1+e2j(a+bx))2+ (_1+d+€21(a+bx) +deu(a+bx>>2)] N
i (-1+d 21i (a+bx) i (1+d 21 (a+bx)
<c+11( + ))e ]—PolyLog[z, <c+11< + ))e ]]
c-i(1+d) i+c-1id

Polylog|2,

Problem 183: Result more than twice size of optimal antiderivative.

J(e +fx)>ArcCot[Tanh[a +bx] ] dx

Optimal (type 4, 299 leaves, 12 steps):
(e+fx)*ArcCot[Tanh[a+bx]] (e+fx)*ArcTan[e?®20X] i (e+fx)’Polylog[2, -i e22+20X]

4f : 4f ) 4b :
i (e+fx)’>Polylog[2, ie222b%] 3if (e+fx)?Polylog[3, -ie?®2b%] 3if (e+fx)?Polylog|3, ie??2bx]
4b : 8 b2 ) 8 b? )
312 (e+fx) Polylog[4, -ie?2'2bX] 31 f2 (e+fx) Polylog[4, ie?2'2bx| 31 f3Polylog|[5, -ie?2'2bX| 3i f3Polylog|5, i e220X]
8 b3 : 8 b3 : 16 b* ) 16 b*

Result (type 4, 600 leaves):
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1
—x(4e’+6e’fx+4ef x>+ ) ArcCot[Tanh[a+bx]] +
4

i(8b*e’xLog[l1-1ie?@P¥] +12b%e?fx?Log[1-1e?@P¥ | 8b%efx®Log[1-1e? @]+ 2b% > x*Log[1-1e?@PX]
16 b*

8b*e’xlog[l+ie?@P¥ | -12b*e? fx?Log[l+ie?@P¥| _8b*ef x?Log[l+ie?@P)] - 2b%f x*Log[1+1e? @]

4b° (e +fx)>Polylog([2, -ie? @] +ab® (e+fx)’PolyLog[2, i e @P¥) ] +6b?e?fPolylog[3, -ie?(@P¥ ]+

12b%e f? x Polylog|3, -ie? "] + 6 b2 f> x* PolyLog[3, -1 e® (@**¥ | -6 b2 e? f PolylLog|3, i e? ("X ] -

12b% e f2x Polylog(3, i e @*¥) | -6 b? 2 x? Polylog|3, i e @*¥ | —6bef?Polylog|4, -ie®@*¥) | -6bf>xPolylog(4, -ie? @PX | +
6bef2Polylog[4, i e ®**¥ | + 6 b f*xPolyLog[4, i e @**X) | +3 3 Polylog|5, -i e?@PX) | -3 3 PolyLog|5, i e? X | )

Problem 190: Result more than twice size of optimal antiderivative.

JAr‘cCot[c +dTanh[a+bx]] dx

Optimal (type 4, 174 leaves, 7 steps):

i-c-d 2a+2bx
xAr‘cCot[c+dTanh[a+bx1],ljxl_og[1+(Jl C )@ ]+
2 i-c+d
Ly rogr, ErCral @i dPOLyLoB[2, USRS i palylog[2, R

2 i+c-d 4b 4b

Result (type 4, 365leaves):
xArcCot[c+dTanh[a+bx]] -

2 (a+bx) — b — b
iJ'l 2iaArcTan| 1retm0r ]+ (a+bx] Log[l—mea X}+(a+bx) Log[1+mea X}_
2b c—d+ce?(@bx) de2(atbx) m —
i +b . +b — "
fabx) togl1 IS g1 L gy, Yt ety
V-oi-c+d V-i-c+d Viocsd
—1 a+b x ; 2+b x - avbx
Polylog|2, Voircrde | ~polylog2, - -t d € porylog[2, YErerd e

Vi-c+d V-1-c+d V-1-c+d

Problem 200: Result more than twice size of optimal antiderivative.

J(e +fx) * ArcCot [Coth[a + b x]] dx

Optimal (type 4, 299 leaves, 12 steps):
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(e+-Fx)4Ar‘cCot[Coth[a+bx}] (e+-Fx>4Ar‘cTan[e“*2bX} i (e+-Fx)3PolyLog[2, -i e22+20X]

— + —

4f 4f 4b
i (e+fx)’Polylog[2, i e?22°%] 3if (e+fx)?Polylog[3, -ie?®2°X] 3if (e+fx)?Polylog[3, i e22+20x]
ab i g b2 ' 8 b2 '
3if? (e+fx) Polylog[4, -ie22'2bx] 31 f2 (e+fx) Polylog[4, ie?2'2b%]| 3if3Polylog|[5, -ie?2'2b%]| 3if3Polylog|5, i e?20X]
8 b3 . 8b> i 16 b* ' 16 b*

Result (type 4, 600 leaves):

1
—x (4e’+6e*fx+4ef? x>+ x*) ArcCot[Cothla+bx]] -
4

S i (8b“e3xLog[1—J'1e2 (@bx) ] 12b%e? fx? Log[1-1e?@P¥ ]| +8b%ef?x?Log[1-1e®@P¥ ]| +2b*f x*Log[1-1ie?@PX] -
16 b

8b*e®xlog[l+ie®@P¥ ] -12b*e’ fx?Log[l+ie®@P¥] _8b*ef>x®Log[l+ie®@PY]-2b%F x*Log[1+1ie?@PX ]

4b* (e+fx)’Polylog[2, -ie?@PX ]+ 4b? (e+fx)>Polylog|2, i e?@®*¥ ] +6b?e? fPolylog[3, -ie?@PX ]

12b? e f2 x Polylog[3, -ie® @"®¥ | + 6 b? 3 x* Polylog|3, -1 e” @*X | - 6b% e’ f Polylog|3, i e? @*% | -

12b%e f2x Polylog[3, i €@ | -6 b? > x? Polylog|3, i e? @ | —6bef?Polylog[4, -ie? @] -6bf>xPolylog(4, -ie? (0¥ ] 4
6bef2PolyLog[4, i e @** ] + 6b f>x PolyLog[4, i e @**X)] + 3 f>Polylog[5, -i e? @) | -3 £ PolyLog|5, i e? X | )

Problem 207: Result more than twice size of optimal antiderivative.
JAr‘cCot[c +dCoth[a+bx]] dx

Optimal (type 4, 174 leaves, 7 steps):

(j_ _c —d) eZa+2bx

|+

L xLog[1 Lircrd) e, i Polylog[2, -<<™N] i polylog[2, (el
— 1XLO — _
2 ' g i+c-d 4b + "

1
x ArcCot [c +d Coth[a+bx]] - —ixLog[1-
2 1-c+d

Result (type 4, 365 leaves):
x ArcCot[c+dCoth[a+bx]] -

-1+ 2 (ahx) V-i+c+d e?bx V-i+c+d e?bx

i].l 2 aArcTan| |+ (a+bx) Log[1- |+ (a+bx) Log[1+ | -
2b —c+d+ce?@bx) de2(abx v_i+c-d VJ_i+c—d
I +b [ +b N +b
(a+bx) Log[1- trcvd e X}f(aerx)Log[lJr ircrd e X]+PolyLog[2,f ircvd e X]+
Vi+c-d Vi+c-d V-1+c-d
o +b 5 +b i +b
PolyLog[Z, V-i1i+c+d € X] —PolyLog[Z, _\/]1+c+d e? x} —PolyLog[z, Vvi+c+d e® X}

V-1+c-d Vvi+c-d Vvi+c-d

| 43
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Problem 217: Result unnecessarily involves higher level functions.

J(a+bAr‘cCot[c x"]) (d+elog[fx"]) 4
X

X

Optimal (type 4, 187 leaves, 13 steps):

aeLog[f x"]2 ibdPolylog|2, —“c( | ibeLog[fx"] PolyLog|2, —%]

adLog[x] + - - +
2m 2n 2n
ibdPolylog|2, j’c"”] ibelog[fx" Polylog|2, j”c""} ibemPolyLog|3, —i’c""] ibemPolyLog|3, i’c""]
+ - +
2n 2n 2n? 2n?

Result (type 5, 132 leaves):

bcemx" Hyper‘geometr‘icPFQ[{%, %, %, 1}, {3, %, %}, -c2x2"] bex" Hyper‘geometr‘icPFQ[{%, %, 1}, {%, i}, -c2x2"] (d+elog[fx"])

n2 n

1 (a+bArcCot|[cx"| +bArcTan[cx"]) Log[x] (emLog[x] -2 (d+eLog[fx"]))
2

Problem 224: Attempted integration timed out after 120 seconds.

JArcCot [a+bfrdX] ax

Optimal (type 4, 196 leaves, 6 steps):

c+d x 2 c+d x 2bfc+dx
ArcCot[a + b ferdx] Log[liiL oo 7] | ArcCot[a+bfdx] Log] (s (o ] ]
_ " _
dLog[f] dLog[f]
X 2 X B 2 b ferdx
1 P°1yL°g[2’ 1- 1-i (a+b Fordx) ] 1 POlyLOg[Z’ 1 (i-a) (1-1 (a+bfedx)) }

+

2dLog[f] 2dLog[f]

Result (type 1, 1leaves):

PP

Problem 225: Unable to integrate problem.

Jx ArcCot[a + b f9%] dx

Optimal (type 4, 250 leaves, 25 steps):
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1., bferdx. 1 bferdx. 1 i 1.,
-—1ix Log[l— +—1X Log[lJr ]+*1x Log[l—i]—flx Log[1+7
4 i-a 4 i+a 4 a+ b ferdx 4 a+ b ferdx

b..Fc+dx bfc+dx ] chcfdx ] Jl PolyLog [3, _ chcfdx ]
— - 1+a

i

} ,

i x Polylog|2, | ixPolyLog[2, - i PolyLog|3,

+ + -

2dLog[f] 2dLog[f] 2d? Log[f]? 2d? Log[f]?

Result (type 8, 16 leaves):

Jx ArcCot|[a +b f<'9%] dx

Problem 226: Unable to integrate problem.

sz ArcCot [a +b Fc*dx] dx

Optimal (type 4, 313 leaves, 29 steps):

. b Ferdx
p Fc+dx 1, b Fc+dx 1, i 1, i i x2 PolyLog {2, j}
|+ =ix®Log[1+ |+ =ix*log[1- ————] -~ ix’Log[1+ - +
i-a 6 i+a 6 a+ b ferdx 6 a+ b ferdx 2dLog[f]

1
-~ ix®Log|1-
6

i+a

i x? Polylog |2, —%] ) i x PolyLog|3, %} i x PolyLog|3, —%} i Polylog |4, %] ) i PolyLog|4, —ﬁ]

2dLog[f] d? Log[f]? d? Log[f]? d® Log[f]3 d® Log[f]3
Result (type 8, 18 leaves):

sz ArcCot[a+ b f9*] dx

Problem 230: Result is not expressed in closed-form.

Jec (a+bX) ApcCot[Cosh[ac +bcx]] dx

Optimal (type 3, 103 leaves, 8 steps):
@b <X ApcCot [Cosh[c (a+bx) ]| (1*\5) Log[3-2+/2 +e?c (@b (1+\/7> Log[3+2/2 +e2c(@:bx ]

+ +

bc 2bc 2bc

Result (type 7, 146 leaves):

L olac (a+bx) +2e (@0 ArcCot[l e € (a0X) (14 e2c @b ]
2bc 2

—ac-bcx+Llog[e @b —m1] -7acn1?-7bcx1?+7 Log|ec (3% 1] m1?

RootSum[1 + 6 #1? + #1* &,
1+3012
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Problem 231: Result is not expressed in closed-form.
Jec (a+bx) aApcCot [Tanh[ac +bcx]] dx

Optimal (type 3, 180leaves, 13 steps):
e?¢*beX ArcCot[Tanh|[c (a+bx) |1 ArcTan|1- V2 e? c+bex]

+

bc V2 bce
APCTan[lJr\E(EaGbCX] Log[1+e2c(a+bx) 7\Eeac+bcx} Log[1+92c(a+bx) +\/?eac+bcx]
N _
V2 be 2+/2 bce 22 bec
Result (type 7, 89leaves):
2¢ (atbx —ac-bcx+ e¢ (asbx) _
2 < (3% ApcCot[ ] | pootsun[1 + 114 g, —2CbexLoe] 1] g]
14+e2¢ (atbx] 1
2bc
Problem 232: Result is not expressed in closed-form.
Jec (a+bx) ApcCot [Coth[ac +bcx]] dx
Optimal (type 3, 180leaves, 13 steps):
e?¢*beX ArcCot [ Coth|[c (a+bx) |1 ArcTan|1- V2 e? c+bex]
+ _
bc V2 bc
ArcTan[lJr\/?eambcx] Log[1+e2c(a+bx) 7\Eeac+bcx} Log[lJreZc(amx)+ﬁeac+bcx]
- +
V2 be 2+/2 bece 22 bec
Result (type 7, 89leaves):
2¢ (asbx +bc x- @€ (arbx) _

2 e (35X ApcCot | € o) | + RootSum[1 + #1* &, 2cibe Long il &]

_14+e2¢ (a+bX)

2bc

Problem 233: Result is not expressed in closed-form.

Jec (a+bx) ApcCot [Sech[ac+bcx]] dx

Optimal (type 3, 103 leaves, 8 steps):
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e? b <X ApcCot [Sech[c (a+bx) ]| (1—\/7) Log[3-2+/2 +e?c (@b (1+\/7) Log[3+2+/2 +e?c (@b

bc 2bc 2bc

Result (type 7, 145leaves):

e€ (a+b x)

~4c (a+bx) +2ef (@bx) ApcCot | ———
2bc 1+e2c(a+bx)

|+

ac+bcx-Loglet @ —nl] +7acH1?+7bcxnl?-7Log|et 0% — 1] 112

RootSum[1 + 6 #1? + 71 &, &]

1+3112

Test results for the 12 problems in "5.4.2 Exponentials of inverse cotangent.m"
Problem 8: Unable to integrate problem.
enAr‘cCot[a X]
J— dx
(c+a2cx2)1/3
Optimal (type 5, 147 leaves, 3 steps):

1 .
S (2-3in)

1 1 \1/3 afi— iy:(-2+3im) i) (4-3in) 1 1 > 2i
3 [1+ : [1 - — [1 + —) x Hypergeometric2F1[-~, = (2-3in), =, ———|
(c+a?cx?)?? a’x? a+t ax ax 3 6 3 (a+i—)x
X x
Result (type 8, 25leaves):
enAr‘cCot[a X]
J— dx
(c+a?cx?)??
Problem 9: Unable to integrate problem.
enAr‘cCot[ax]
J— dx
(c+a?cx?)??
Optimal (type 5, 147 leaves, 3 steps):
i\ S (4-3in) 1 1
1 1 2/3 87; 6 i 6—(—4+3J‘1n) i g(2—31‘1n) 1 4 21
-3 [1 + : (17 — (1+ — x Hypergeometric2F1[ =, = (4-3in), —, ———]
(c+a?cx?)?? a?x? a+t ax ax 3 6 3 (a+i—)x
X x

Result (type 8, 25leaves):
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el ArcCot [a x]
j— dx
(c+a?cx?)??
Problem 10: Unable to integrate problem.
el ArcCot[ax]
J— dx
(c+a?c x2)4/3
Optimal (type 5, 207 leaves, 4 steps):

3 enAr‘cCot[ax] (3 n- 2ax>

1 .
. (4-31in)

X |i

1

_ac <4+9n2) (c+a2cx2>1/3
L 243in) ( i

1 (23in)
1/3 [ a - 6 i
6
(17— 1+ —
a+ ax

6[1+
ax
(c (4+9n?) (c+a2cx2)1/3)

a2 x?

X |e-

Result (type 8, 25leaves):
J enAr‘cCot[a X] dx
(c+a?cx?)??
Problem 11: Unable to integrate problem.

enAr‘cCot[ax]
J— dx
(c+a?cx?)®?

Optimal (type 5, 207 leaves, 4 steps):

3 enAr‘cCot[ax] (3 n —4ax)

ac (16+9n2> (c+a2cx2)2/3

1 1 (23in)

12 (1+

a? x?
(c (16+9n2) (c+a2cx2>2/3)

Result (type 8, 25leaves):

_ 11 . 2
x Hypergeometric2F1[- =, = (2-31in), —,

X 1 1 ) 4
x Hypergeometric2F1[ =, = (4-31in), —, :
3 (a+ i
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enAr‘cCot[a X]
—dx
( 5/3

c+a’cx?)
Problem 12: Unable to integrate problem.
el ArcCot[ax]
J— dx
(c +a2cx2)7/3
Optimal (type 5, 272 leaves, 5steps):

3 enArcCot[ax] (3 n- 8ax) 120 " ArcCot[ax] (3 n-2a X)

_ac (64+9n2) (c+a2cx2)4/3 ac? <4+9n2) (64+9n2) (c+a2cx2)1/3

1

i 1 )
= (-2+31in) ( 1

1
i\~ (2-3in)
13 [a- e iy
240 |1+ 1- — 1+ —

i ax ax

L@3in i 11 , 2 2i
x Hypergeometric2F1[- =, = (2-3in), =, ———] /
a+ = 3 6 ) X
X

a? x2
(c2 (4+9n2> (64+9n2) (c+a2cx2)1/3)

Result (type 8, 25leaves):

enAr‘cCot[ax]
J— dx
(c+a?cx?)’?
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Summary of Integration Test Results

246 integration problems

A - 201 optimal antiderivatives

B - 18 more than twice size of optimal antiderivatives
C - 6 unnecessarily complex antiderivatives

D - 16 unable to integrate problems

E - 5 integration timeouts



